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Abstract 

This work presents a new methodology for measuring the mode shapes of a 

structure using Continuous Scan Laser Doppler Vibrometry (CSLDV) and impact 

excitation.  The key to the new method is an approach for processing the CSLDV 

measurements so that standard algorithms for Linear Time Invariant (LTI) systems 

can be used to extract the natural frequencies, damping ratios, and mode shapes 

from the measurements.  The procedure involves resampling a signal measured with 

a periodically scanning laser Doppler vibrometer into a set of discrete signals which 

can be represented with LTI system theory.  This work also presents a method 

whereby the identified modes can be mass normalized so long as the laser path 

includes the point at which the excitation was applied.   

The initial sections of this work will detail the important principles behind the 

operation of Laser Doppler Vibrometry (LDV) and provide a review of important 

aspects from system theory regarding linear time-invariant systems and linear time-

periodic systems.  Then, the theory required to extract the modes of a structure from 

CSLDV measurements and mass normalize the mode shapes will be presented.   

The proposed methodology is applied experimentally to a free-free aluminum 

beam.  Using 25 second response signals due to impacts at each of four locations, 

the proposed methods are used to extract as many as seven bending modes with 

modes shapes consisting of up to 976 response points of the beam.  It would take 

two orders of magnitude longer to acquire enough data to obtain the mode shapes at 

a similar number of points using conventional, point by point scanning LDV. 
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 The noise obtained in the CSLDV measurements on the aluminum beam is 

also investigated as a function of the distance between the LDV detector and the 

structure, the length of the CSLDV scan, the surface velocity of the laser spot, and 

the sampling frequency used to measure response points.  A certain kind of noise 

called speckle noise occurs when CSLDV measurements are taken.  Speckle noise 

is caused by variations in the intensity of the light reflected from the surface of a 

structure due to microscopic surface features.  The noise is dominated by speckle.  

The speckle noise has periodic and non-periodic components; the latter are of 

primary importance when the proposed methodology is used.  When using the 

methodology of this work, one can decrease the non-periodic speckle noise in the 

measurements by reducing the length that the laser scans or by increasing the 

distance between the LDV and the structure.  Furthermore, one should not scan 

faster than is need to capture the meaningful vibration signal because doing so 

tends to increase the non-periodic noise.   
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Nomenclature 

Arranged by section and order of appearance 
 

2.1 
d - target to the detector distance 
Δd - path difference 
v – velocity 
θ - sweep angle or angle between 

optical axis and surface normal  
∇
v

 - gradient operator 
rr  - position vector 
t - time variable 

),( trE v  - plane wave equation 
c - speed of light 
ω - angular frequency 
nv - wave front normal unit vector 
k
v

- wave vector 
k - wave number 
λ - wavelength 
Eo( rv ) - plane wave amplitude function 
ER - reference plane wave 
ET - target plane wave 

R
ϕ  - reference wave phase 

T
ϕ - target wave phase 
Eo - wave amplitude 
ε - dielectric constant of propagation  

medium 
δ - instantaneous path difference 

Df  - Doppler frequency 
 

3 
x - state vector 
u - input vector 
y - output vector 
A - state matrix 
B - input influence matrix 
C - output influence matrix 
D - direct transmission matrix 
 

3.1 
),( 0ttΦ  - state transition matrix (STM) 

X(t) - fundamental solution matrix of  

STM 
T - period 
Âk – kth constant state matrix of an LTP  

System 
L - Lyapunov equivalent state matrix 
Λk - diagonal matrix of Floquet  

Exponents 
Ψ - modal matrix 
φ - mode vector 
 

4 
λr - rth eigenvalue 
ωr - rth natural frequency 
ζr - rth damping ratio 
φ(x)r - rth mode vector, also φ(t)r 
Dr - complex amplitude of mode r 
TA - period of CSLDV scan signal 
ωA  - angular scanning frequency 

 
4.1 

NB - number of significant Fourier  
Coefficients 

Br,m - amplitude of Fourier Harmonic 
N - number of modes 
 

4.2 
xk - spatial points on laser’s path 
No - sample points per period 
yk - response at spatial point xk  
 

4.2.1 
fmax - bandwidth of lifted signals  
fn - nth natural frequency 
fn,aliased - nth aliased natural frequency 
 

5 
,r dpφ - mode shape at the drive point 

Cr - rth scale factor between measured 
and mass normalized modes 

dpexr ,,φ  - experimental mode shape at  
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the drive point 
Nc - number of periods in a CSLDV  

signal 
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xm - half the scan length 
d - target to detector distance 
 

7.1 
υ(t) - voltage applied to the mirrors 
 

7.2.2 
Lr - normalized drive point amplitude 
{ } ,r an
φ  - rth analytical mass-normalized  

mode shape 
 

7.3.2 
ηave - average non-periodic noise  

amplitude 
Yaper - non-periodic signal vector 
Naper - number of non-periodic vector  

points 
ηave,lifted - average non-periodic noise  

amplitude of lifted signal 
Yaper,lifted - non-periodic lifted signal  

vector 
ρave - average periodic noise amplitude
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1. Introduction 

Dynamic testing or vibrations testing is important to the design, validation, 

and identification of civil structures such as rockets, satellites, airplanes, 

automobiles, and bridges.  Many of these structures are subject to dynamic loads 

and therefore their structural dynamic characteristics are important.  Dynamic testing 

can be used as a very effective method of validating finite element models of 

complicated structural dynamic systems.  Modern computing power allows one to 

create detailed finite element models of complicated structures, but these models 

are still an approximation to the real system and therefore must be validated to 

ensure that they produce accurate results.  Dynamic testing can also be used to 

investigate systems that cannot be modeled analytically or with finite elements, and 

it may be the only way to verify that the system meets its performance objectives.  

Dynamic testing can also be used to verify that aging structures such as bridges and 

airplane frames, are still safe, and indeed most available health monitoring schemes 

involve dynamic testing.   

Most traditional experimental vibration tests use small piezoresistive sensors 

(force transducers or accelerometers) to measure the input forces and resulting 

responses of the test structure.  These devices must be physically attached to the 

test structure using magnets, temporary adhesives, or mechanical fastening through 

bolting.  All of these attachments may cause the sensor to mass load the device that 

is to be tested.  Mass loading can be difficult to detect in general, and at an 

attachment point of a sensor there may be little mass loading in one direction and 
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significant loading in another direction.  Even with the smallest available sensors, the 

physical contact with the test structure can still cause mass loading, changing the 

modal parameters that one is trying to identify.  Modification is most important when 

the structure is light relative to the sensors and their associated cables, or where the 

local flexibility of the structure is modified by the attachment.  Even when mass 

loading is not important, physically attached sensors and excitation devices are time 

consuming to attach and cannot be easily repositioned, increasing the cost and time 

required to perform the test.  Brillhart et al. [1] recently reported on the ground 

vibration test of a small aircraft that required two crews working around the clock for 

10 days to acquire data at 415 points on the structure.  It is therefore not practical to 

acquire a detailed grid of response points on a structure when using conventional 

sensors.  Other systems, such as rotating devices, are not conducive to wired 

sensors anyways as special setups are required for wire paths, and sensor 

attachments must withstand the rotational forces produced in the testing 

environment. 

Laser Doppler Vibrometry (LDV) is another avenue available for vibration 

testing that uses light to measure vibration.  LDV can address some of the issues 

involving test set up time and mass loading.  LDV requires no physical attachment to 

the test device and hence does not mass load the structure.  Furthermore, one 

needs only to direct the laser at a point on the test device using convenient optical 

stands and rotational tripods, and the displacement or velocity of the surface can be 

measured.  This setup requires much less time than the time needed to reposition 

piezosensors.   
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Setup time can be reduced further by using a Scanning Laser Doppler 

Vibrometer (SLDV), in which the laser spot is rapidly redirected by computer 

controlled mirrors in the optical path of the LDV.  These mirrors are usually placed 

atop rotating galvanometers.  Galvanometers are transducers that produce an 

angular deflection proportional to an applied current, so instead of physically 

repositioning the laser head, experimentalists only need to apply a current to deflect 

the mirrors and reposition the laser spot.  Two -repositioning is easily achieved by 

using two orthogonal scanning mirrors.  The process can be automated using 

software to set up a grid of measurement points which the laser can then scan 

automatically. 

When SLDV is used with a grid of measurement points, an automated 

excitation device is typically used to excite the test structure while measurements 

are taken at each output.  Electromagnetic or piezoelectric shakers are typically 

used.  If excitation is applied with an electrodynamic shaker, the problem of 

potentially mass loading the structure still exists.  Furthermore, it often takes 

considerable effort and time to position and align the shaker. One may avoid using a 

shaker by using hammers.  However, to acquire detailed mode shapes of a structure 

one must measure a structure at many points, and the impulsive load from a 

hammer has to be repeated for each measurement.  It is very difficult to obtain 

consistent inputs with a hammer.  Automated hammers have been developed 

recently, but they have not been used widely and can be difficult to set up (the one 

used in [2] accidentally broke the bridge on the antique violin that was being tested. 
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No matter what form of excitation is used, acquisition times for SLDV can be 

very long.  The length of the sampling period is dictated by the damping ratios of the 

lowest modes of the system.  For lightly damped structures with low natural 

frequencies, such as aerospace structures, the response must be recorded for many 

minutes at each measurement point.  It seems that with the ease of moving the laser 

spot on a structure, one should be able to develop a test method that cuts down on 

time spent acquiring data as well.   

Continuous Scan Laser Doppler Vibrometry or CSLDV is a test method that 

can both reduce test setup time and acquisition time involved with dynamic testing.  

The name Continuous Scan Laser Doppler Vibrometery, was coined by Stanbridge, 

Ewins, and Martarelli [3, 4].  CSLDV is applied by directing the scanning mirrors of 

an SLDV to continuously move the laser spot on the structure while the LDV takes 

measurements.  Utilizing this method, one might ideally measure both spatial and 

temporal information about the structure, greatly reducing the testing time required 

for modal analysis.  Using the methods presented here, the spatial resolution is 

defined by the ratio of the sampling frequency and the surface velocity of the laser 

spot.  Measurements with high spatial resolution have been shown to be important 

for damage detection as defects tend to manifest themselves in localized areas and 

are visualized in mode shapes and Frequency Response Functions (FRFs) [4, 5].  

Many commercial acquisition systems are capable of sampling rates up to several 

megahertz and galvanometer scanning systems are capable of producing scanning 

up to several hundreds of hertz (Hz) at sweep angles of (+/-) 20 degrees.  These 

current hardware specifications can lead to incredibly spatially dense CSLDV scans. 
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Sriram et al. appears to have been the first to suggest the continuous scan 

application of LDV in the 1990’s [6-8] and Stanbridge and Ewins later established 

the continuously scanning method as a viable extension of LDV.  Using harmonic 

excitation forces at a number of different frequencies, Stanbridge and Ewins 

extracted the operating deflection shapes of vibrating structures from line scans at 

constant and variable rates as well as area scans (primarily circular).  They exploited 

the fact that the peaks in the response spectrum could be related to the coefficients 

of a Fourier or polynomial series expansion representation of the mode shape [3].  In 

subsequent works, Stanbridge and Ewins again used harmonic excitation at many 

frequency lines, and then processed with a velocity demodulation technique to 

retrieve the operating deflection shapes of line and area scans on various objects, 

achieving markedly cleaner shapes [4, 9].  The methods of these works were 

extended to impact excitation as well [10], which presents a notable step towards 

test time reduction.  Because impulsive force inputs are broadband excitation, 

numerous modes are excited with one input, and automated excitation devices are 

no longer needed, reducing the complexity in setup.   

This thesis presents a different CSLD testing methodology based on impact 

excitation.  Preliminary works using this method were published in [11, 12]. The 

method uses a specific type of signal processing defined in [13] and given the 

descriptor ‘lifting’ in [14].  Allen and Ginsberg presented this technique in [15] as a 

viable way to identify the parameters of periodically time varying systems using 

modal analysis techniques for Linear Time Invariant (LTI) systems, and in [16] Allen 

showed that one can reconstruct the state transition matrix for the Linear Time 
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Varying (LTV) system from the modal parameters identified by an LTI identification 

routine.  These methods will be reviewed here and applied to CSLDV 

measurements, obtained using impact excitation.  A procedure for mass normalizing 

the mode shapes that have been extracted from the LTI system representation will 

also be provided.  The techniques were used in an experimental study that was 

presented in [11, 12].  The noise associated with the CSLDV measurements and 

how it affects the results of the methodology will also be explained.   

1.1.  Signal Quality and Speckle Noise 

While developing CSLDV, researchers have also investigated the signal quality 

and noise levels inherent to the process.  The occurrence of noise affects all 

applications of laser-type transducers.  When coherent (laser) light is reflected off of 

an optically rough surface, granule-like imperfections on the device’s surface with 

size on the order of hundreds of nanometers act to dephase the light returning from 

the surface, causing bright and dark ‘speckle’ regions where the light constructively 

and destructively interferes.  Rothberg and Halkon [17] directed a laser along the 

normal to a target surface and observed the reflected patterns of light.  When the 

target surface was rotated along an axis perpendicular to the normal and sharing the 

origin with the laser spot, a translation of the reflected pattern occurs.  Alternatively, 

they observed that a pure translation of the target surface within the target plane, 

which brings a different surface structure into the lasers incident area, causes the 

reflected speckle pattern to “evolve” or “boil” as it has been termed in the past [18]. 
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In general, vibrating surfaces will exhibit a combination of both surface 

translations and rotations and the resulting speckle pattern will evolve and/or 

translate.  The part of the signal measured from such a surface due to speckle is a 

spurious vibration-like signal that cannot be easily distinguished from the true 

vibration spectrum.  Rothberg [19] used Fourier optics to investigate the effects of 

the time dependent speckle pattern produced in the scattered laser light.  He 

theorized that the detected vibration signals would contain time dependent intensity 

and phase information largely due to changes in the speckle pattern crossing the 

detector.  For non-normal surface vibrations, he observed effects of certain target 

motions on the vibrometer output spectrum.  For a laser vibrometer incident on a 

rotating shaft, Rothberg noted that frequency domain amplitude peaks occurred at 

the shaft’s rotation frequency and harmonics and suggested that the speckle noise is 

approximately periodic.  Martarelli and Ewins [20] noted that speckle noise is also 

nearly periodic in CSLDV measurements, and compared the harmonic and non-

harmonic components (sidebands) of the speckle noise between 0.2 and 20 Hz 

scanning frequencies.  Their results showed that both the harmonic and non-

harmonic components of the noise seemed to increase with increasing scan 

frequency. 

The nearly periodic signal seen in many applications with laser scans has 

been attributed to the fact that the laser traces the exact same path on the surface, 

resulting in a periodic speckle pattern.  This would require consistency in scanning 

on the order of the wavelength of light (hundreds of nanometers).  Clearly this level 

of consistency cannot be expected because vibration motions are usually larger than 
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this.  Notwithstanding, speckle noise is observed to be predominantly periodic in 

most applications.   

Other factors which may affect the speckle noise are laser spot size [21, 22], 

surface velocity, and sweep angle.  The target-to-detector distance and data 

acquisition sampling frequency may also have an influence, and certainly the 

surface roughness of the test device has an effect on speckle noise.  

These methods are applied experimentally to a simple aluminum beam and 

the mode shapes, natural frequencies, and damping ratios are presented.  Results 

of mass normalizing the experimental mode shapes are given.  Speckle noise 

observations and quantifications due to the specific surface roughness of the beam 

and the application of CSLDV and the analysis methods are also presented.  

Conclusions and recommendations for experimental setup and analysis of CSLDV 

will be provided in the end. 

2. Laser Doppler Vibrometry 

2.1.  Theory 

A laser Doppler vibrometer uses coherent (laser) light to measure the velocity 

of a vibrating object.  Most commercial vibrometers achieve this with the use of an 

interferometer setup, usually a Michelson or Mach Zender interferometer.  The 

Michelson approach is presented here.  A schematic of a Michelson interferometer is 

shown below in Fig. (1).  The laser beam is passed through a beam splitter, which 

transmits half of the intensity towards the test target (target beam) and half of the 

intensity towards a fixed optical target (reference beam).  Both the target and 
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reference beams are reflected back towards the beam splitter where the reference 

beam this time is transmitted towards the detector and the target beam is reflected 

towards the detector.  The total optical path length of the reference beam is shown in 

Fig. (1) to be 2d while the path length of the target beam is 2(d +Δd) and depends on 

the position of the vibrating test article.  The test object is undergoing vibrations and 

has surface velocity v in the direction of the laser beam.  The angle between the 

surface normal and the optical axis is assumed to be θ. 

 

 
Figure 1: Michelson interferometer schematic. 

 

 

Equation (1) provides the wave equation for electromagnetic light waves in 

the general three-dimensional case: 

 2

2

2
2 ),(1),(

t
trE

c
trE

∂
∂

=∇
v

vv
 (1) 

θ

θcos
vvn =  

Target 

Detector

Beam

d+Δd

Laser

Reference Incident Beam

d
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where∇
v

is the vector gradient operator, rr  is a position vector, t is the time variable, 

),( trE v is the function describing the wave, and c is the speed of light in a vacuum.  A 

harmonic, plane-wave solution of the form in Eq. (2) can be assumed because the 

normal of the wave front of the laser beam nv , is always in the direction of 

propagation. 

 ( )[ ] ⎟
⎠
⎞

⎜
⎝
⎛ •

•

−
=−=

rkti
erErktirEtrE oo

vv
vvvvv ω

ω )(exp)(),(  (2) 

In Eq. (2) ω is the angular frequency of the solution, k
v

 = k nv  is the wave vector or 

wave number k = 2π/λ (λ being the wavelength) in the propagation direction, and 

Eo( rv ) is the amplitude function of the wave. [23]  

If Eq. (2) is used in its one-dimensional form to describe the reference and 

target beams, ER and ET, respectively, coming into the detector in Fig. (1), then the 

result is: 

 
)2(

2
)( T

tfi
e

E
tE o

T

ϕπ +
=  (3) 

 
)2(

2
)( R

tfi
e

E
tE o

R

ϕπ +
=  (4) 

where 
T

ϕ  and 
R

ϕ  are the target and reference wave phases.  The waves in Eqs.(3) 

and (4) share the same average amplitude which is half of the total amplitude Eo.  

The superposition of these two waves represents the signal seen by the detector.  

The intensity of the sum of the two waves is therefore: 

 ( )( )*
2
1

2
1)( 2

2 RTRTT EEEEcEEctI ++=+= εε  (5) 



 

11

where ε is the dielectric constant of the propagation medium (air for most cases) and 

( )* is the complex conjugate of the quantity.  Equation (5) can be expanded after 

plugging in the respective components. 

 ( ) ( )( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛= −−−

+ TR
i

TR
ioo ee

EE
ctI ϕϕϕϕε

22

22
2

2
1)(  (6) 

From Euler’s identity, the following can be derived: 

 ααα cos2=+ −ii ee  (7) 

Using the previous equation, the intensity can be rewritten as: 

 ( )[ ]

kδΔ

E
ctI

TR

o

=−=

Δ+⎟
⎠
⎞

⎜
⎝
⎛=

ϕϕϕ

ϕε cos1
2

)(
2

 (8) 

In normal interferometry, Δφ the phase difference between the two waves is a spatial 

function only, but since the experimental target is in motion in vibrometry, the phase 

difference will have temporal dependence.  In particular, the phase difference will 

depend on the instantaneous path difference, δ=2Δd(t), between the two arms of the 

interferometer, which is some function of time.  To better understand the nature of 

this intensity signal, Δφ can be expanded in a Taylor series: 

 ( ) ( ) L+−+= == 000
tt|

dt
Δd|ΔΔ tttt
ϕϕϕ  (9) 

Equation. (9) is valid for any initial starting time instant t0.  The instantaneous 

frequency of I(t) is ( )
dt
Δd ϕ .  If that frequency changes little and if the changes are not 

too rapid, then the truncated Taylor series accurately reproduces Δφ, and the motion 

of the test article causes the frequency of the light to shift very slightly (the well-
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known Doppler effect).  In practice, demodulation techniques are used to find the 

instantaneous frequency such that the two-term expansion in Eq. (9) best agrees 

with the measurement, in essence extracting ( )
dt
Δd ϕ  from measurements of I(t).  

But, Δφ = kδ, so its derivative is 2kv.  So, using the expansion of Eq. (9) about t0 = 0, 

the intensity becomes. 

 ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛= t

λ
vπ

E
cεI(t) o 22cos1

2

2

 (10) 

The last result shows explicitly, that the superposition of the incident and reference 

waves in a LDV Michelson setup produces a signal intensity with an amplitude that 

beats at a frequency of
λ
v2 .  This beat frequency is precisely the Doppler frequency 

[23, 24]. 

 
λ
vf D

2
=  (11) 

Direct extraction of the Doppler frequency from the beat signal does not 

reveal the direction of the instantaneous velocity, so the reference beam in the 

interferometer is often sent through an acousto-optic modulator (Bragg Cell) that 

introduces a constant frequency offset (in a known direction) in the reference beam 

of the interferometer.  The direction of the target’s motion can then be determined by 

by observing whether the frequency has increased or decreased from the known 

reference frequency.  Of course, once the Doppler frequency is known the velocity of 

the test object can be calculated using Eq. (11). 
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3. Linear Systems 

Dynamic systems are described by equations relating their dependent 

variables and their derivatives.  These relationships can be quite complicated, 

especially for dynamic systems that are nonlinear and time dependent.  Equation 

(12) describes a general system in which the time rate of change of the variable x is 

some function of a time variable t, of the x variable, and of an input variable u.  The 

system may be complicated and have a highly nonlinear description. 

 ),,( uxtfx =&  (12) 

When systems have linear properties, they are readily describable and more easily 

analyzed using many standard techniques. 

A continuous system is said to be linear if it exhibits the properties of additivity 

and homogeneity.  Suppose that an input u(t) applied to some system with an initial 

state x(t0) causes an output y(t), as expressed as in Eq. (13). 

 0
0

0 ),(
),(

)(
ttty

tttu
tx

≥→
⎭
⎬
⎫

≥
 (13) 

This system satisfies additivity if for two such input-output pairs that: 

 021
021

0201 ),()(
,)()(

)()(
tttyty

tttutu
txtx
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⎭
⎬
⎫

≥+
+

 (14) 

The system is linear if it also displays homogeneity [25]: 

 

 
)()()()()(
)()()()()(
tutDtxtCty
tutBtxtAtx

+=
+=&

  (15) 
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where A, B, C, and D are coefficient matrices that describe the dynamics of the 

system.  A is called the state matrix, B is called the input influence matrix, C is called 

the output influence matrix, and D is called the direct transmission matrix. 

3.1. Time Varying and Time Periodic 

In state space form, a linear time varying (LTV) system can be represented with 

the following equations: 

 
)()()()()(
)()()()()(
tutDtxtCty
tutBtxtAtx

+=
+=&

 (16) 

The coefficient matrices A, B, C, and D may all be time varying as well.  If each entry 

of A(t) is a continuous function of time, then it is assumed that an initial state x(t0) 

and input combination will provide a unique solution for the system.  The solution is 

attained from the state transition matrix ),( 0ttΦ [25].  For systems with zero input, the 

state transition matrix alone influences the propagation of the unforced state vector. 

 )(),()( 00 txtttx Φ=  (17) 

One can solve for the state transition matrix using Eq. (18): 

 )()(),( 0
1

0 tXtXtt −=Φ  (18) 

where X(t) is a fundamental matrix containing solutions x1,…,xn of the homogeneous 

portion of the state space differential equation, arranged in its columns.  The state 

transition matrix also satisfies the following: 

 ),()(),( 00 tttAtt
t

Φ=Φ
∂
∂  (19) 

 ),(),(),( 0110 tttttt ΦΦ=Φ  (20)  
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Many dynamic systems such as helicopter blades or wind turbines, vary with 

time, but do so periodically.  Floquet and Lyapunov were responsible for developing 

many methods to deal with Linear Time Periodic (LTP) systems [26].  If a given 

system exhibits periodic motion with period T, then the following holds for the state 

matrix [25]: 

 )()( tATtA =+  (21) 

Hence, for time instances tk, tk+T, tk+2T, tk+3T,…the state matrix will be equal to a 

constant matrix, which is denoted Âk.  Assuming that Eq. (21) holds, then the state 

transition matrix for t≥ 0 can be reconstructed from the state transition matrix from 

0 <≤ t T and by transitivity: 

 ( ) ( ) ( )n
kkkk tTttttnTt ,,, +ΦΦ=+Φ . (22) 

for some positive integer n [15].  This representation can be used to compute the 

response of a linear time periodic system assuming one is able to construct the state 

transition matrix.  The state transition matrix for an LTP system may also be 

represented using the Floquet Theorem.  Again assuming Eq. (21) is true, then the 

state space system has a fundamental matrix of the form: 

 LtetPtX )()( 1−=  (23) 

for periodic P-1(t), which leads to the following state transition matrix by Eq. (18) [15, 

25]: 

 )()(),(
)(

1
kk tPetPtt kttL −

−=Φ  (24) 
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The important result from the representation of Eq. (24) is that the original 

periodic LTV system, )()()( txtAtx =& is now Lyapunov equivalent to the LTI system 

)()( txLtx =&  [25], with: 

 )()()( txtPtx = . (25) 

Assuming the constant L matrix may be diagonalized and has distinct Floquet 

exponents, then the state transition matrix can be written in terms of the system’s 

modal parameters as: 
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 (26) 

where L=RkΛkRk
-1, Λk is the diagonal matrix of Floquet exponents, and Ψ(t)=[φ1, φ2,…] 

is the time varying modal matrix [15].   

3.2. Time Invariance 

The linear system is called Linear Time Invariant (LTI) if it also satisfies Eq. (27) 

for some time increment T, which is known as ‘time shifting’, and states that for the 

general LTI system, shifting an equivalent input results in the equivalent output, 

equally shifted so that y(t) is equal to y(t+T) in Eq. (27) for any T. 

 TttTty
TttTtu

Ttx
+≥+→

⎭
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+

0
0

0 ),(
),(
)(

 (27) 

When a system can be clearly defined as LTI, it can then be formulated into the 

following State Space equations: 
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4. Using LTP Theory for CSLDV Analysis 

The signal measured from a LDV incident on a freely vibrating, linear, time-

invariant structure can be represented by the summation of decaying exponentials 

made up of modal components as: 
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where λr is the rth eigenvalue, made up of the rth natural frequency ωr, and damping 

ratio ζr.  The corresponding mode vector φ(x)r depends on the position x of the laser 

beam along its path.  This path could involve motion in three dimensions for the 

most general case of scanning.  Dr is the complex amplitude of mode r, which 

depends upon the structure’s initial conditions or on the impulse used to excite the 

structure if such an excitation is employed. 

 When using CSLDV, the laser is assumed to trace out a known periodic path of 

period TA, such that x(t) = x(t+TA), or with the scan frequency ωA = 2π/TA, resulting in 

a change from spatial to temporal dependence of the mode vector.  
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This is identical to the expression for the free response of a Linear Time Periodic 

(LTP) system [15] given in Eq. (29).  Two methods have been proposed to 
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determine φ(t)r and λr in Eq. (30); the first called the Fourier Series Expansion (FSE) 

method in [15] uses the Floquet representation of the system and expands the 

modal matrix in a Fourier Series.  The response then has the same form as that of 

an LTI system, but with a higher order than the original LTP system.  The second 

technique, called the lifting method, uses the fundamental period to decompose the 

LTP signal into a set of discrete signals that all look LTI and have the same order as 

the full system.  Both methods require that the CSLDV scan pattern be periodic. 

4.1. Fourier Series Expansion Method 

If a vibrating device is scanned periodically with CSLDV, then its mode shapes 

φ(t)r can be expanded into a Fourier Series as follows [11, 15], 

 ( ) ( )∑
−=

=
B

B

N

Nm
Amrr timBt ωφ exp,  (31) 

where it is assumed that only the coefficients running from -NB to +NB are significant.  

(Theoretically, this precludes the measurement of mode shapes with sharp 

discontinuities, which require an infinite Fourier series expansion.  Practically, some 

finite value NB should always be sufficient.)  Substituting into Eq. (30) and moving 

the summations to the outside results in the following. 

 ( ) ( )( )( )∑ ∑
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1
0, exp ωλ  (32) 

This is mathematically equivalent to the impulse response of an LTI system with 

2N(2NB + 1) eigenvalues  

 λr + imωA.  (33) 
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Note that the amplitude of each harmonic Br,m in Eq. (32) is the Fourier coefficient for 

the rth mode and the mth Fourier Term.  This technique is similar to the approach 

Stanbridge, Ewins, and Martarelli are using to characterize CSLDV measurements 

and identify mode shapes [3, 10, 20, 27].  An important part of this method involves 

identifying ‘sidebands’.  Eq. (32) shows that the mode shape information appears as 

a side band with harmonics, and the harmonics of a given mode will appear at 

positive and negative integer harmonics of the scan frequency.  For example, if one-

dimensional CSLDV at a rate of 10 Hz is applied to a system with a natural 

frequency at 100 Hz that has 5 strong harmonics, the spectrum of the signal will 

have peaks at 100+ n10 Hz, where n must be assigned by choosing the correct five 

harmonics and finding the amplitude of each of these for that 100 Hz mode (Errors 

will result if a harmonic is missed or assigned to another mode).  A spectrum filled 

with these sidebands can be very complicated to analyze.  The sidebands also put 

limitations on usable scan rates for CSLDV with systems having closely spaced 

modes, because the sidebands for two adjacent modes may overlap so that one can 

not determine which mode to assign each harmonic to.  Systems with low natural 

frequencies will also pose a problem because some necessary side bands may 

extend past the zero frequency line, confusing and complicating processing 

techniques. 

Additionally, the frequency spectrum may contain peaks that result from speckle 

noise.  These peaks are not easy to visually distinguish from vibration peaks, but will 

corrupt the measurement if they are included in Eq. (32).  Because of these issues, it 
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is very important to carefully characterize the frequency spectrum when fitting with 

the FSE method.  

4.2. Lifting Method 

The lifting method avoids some of the labor required by the FSE method.  The basic 

premise is to eliminate the time dependence of φ(t)r in Eq. (30) by sampling the 

signal y(t) from the LDV discretely such that the laser’s position is always equal to 

some finite set of positions x(tk) = xk (corresponding to specific points along the 

laser’s path).  Assuming that the sampling rate is synchronous with the scanning 

period, TA, such that there are an integer number of sample points, No, per period, 

then a measured signal can be reorganized according to: 
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where No is the ratio of the sampling frequency to the scan frequency, No=fsamp/fscan.  

Each yk in Eq. (34) (called a pseudo-response point because it was extracted from 

the measured signal y(t)) with [t0=0, t1=Δt, t2=2 Δt,…] can be represented in the form 

of Eq. (30). 
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If the vectors in Eq. (34) and (35) are transformed into the frequency domain using 

the Discrete Fourier Transform (DFT), then the result will be No pseudo-FRFs that 

have residues differing from those of the true FRFs by only a scale factor.  Any 
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standard identification routine can be used to process the pseudo-FRFs to extract 

the natural frequencies and the mode shapes (also up to a scale factor) of the 

system.  The mode shapes will contain all the points swept over by the laser as the 

signal was sampled. 

4.2.1. Bandwidth of Lifted Signals 

Sampling theory dictates that the bandwidth of a signal is dictated by the 

sampling frequency used to acquire that signal.  A general signal acquired with 

CSLDV is sampled at fsamp and has a bandwidth of fsamp/2.  When the lifting method is 

applied, many new signals yk are produced with a sample rate equal to the scan 

frequency.  So naturally, the bandwidth of one such lifted signal is equal to fmax = 

fscan/2.  It would be desirable to scan at least twice as fast as the highest frequency of 

interest to avoid aliasing.  Although commercial scanning systems are capable of 

rates up to several hundreds of Hz, many systems of interest will have higher natural 

frequencies. 

If a given signal contains excited frequencies that are higher than half the 

scanning frequency, then those frequencies will be aliased into the bandwidth of the 

lifted signal.  For example, suppose CSLDV is used to measure the response of a 

system with a natural frequency at fn = 55 Hz using a 100 Hz scan frequency.  The 

bandwidth of the resulting lifted signals will be fmax=50 Hz.  The natural frequency will 

then appear at fn,aliased = 45 Hz.  If CSLDV with a 50 Hz scan frequency had been 

used for the same system, then fmax=25 Hz and the same frequency would alias to 

fn,aliased = 5 Hz.  In general, if a vibrating system that has a natural frequency at fn is 
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measured with CSLDV at a rate of fscan, then the natural frequency will alias 

according to Eq. (36). 
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The term ‘m’ in Eq. (36) is calculated using the modulo function [13] which gives the 

remainder of the first term divided by the second term.  Specifically, a mod(b) is the 

remainder after a is divided by b.  For example 22 mod(10) = 2, 6 mod(3) = 0, and 3 

mod(7) = 3. 

One can see directly from Eq. (36) that frequency content landing on integer 

multiples of the scanning frequency will be aliased to the zero line in the lifted 

bandwidth.  A certain type of noise called speckle, which will be discussed in detail 

later, has been observed to have strong frequency components at the scan 

frequency and its harmonics [17, 19, 20] and will therefore be aliased to the zero 

frequency line by applying the lifting method.  This conveniently keeps this noise 

content from corrupting frequency content within the rest of the lifted bandwidth.  By 

analogy though, a natural frequency landing on a harmonic of the scan frequency 

will also land on the zero frequency line, and it will be difficult to extract this mode 

with an identification routine. 
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In experiments, the natural frequencies identified from CSLDV data will be 

aliased with unknown m.  This can be overcome in two ways.  One can supplement a 

set of CSLDV data with one or two single point measurements (no scanning).  The 

spectrum of these signals shows true natural frequencies.  Once the true 

frequencies are known, Eq. (36) can be applied to predict the location of aliased 

natural frequencies.  The second method was presented by the author and Allen.  

One simply searches for the true natural frequencies by utilizing realized mode 

shapes from lifted CSLDV measurements and finding the maximum modal phase 

co-linearity.  This procedure does not require one to supplement data sets with 

single point scans and will be explained in more detail in Section 7.2.1. 

5. Mass Normalizing Mode Shapes 

The lifting method must be applied to the free response of a signal measured 

with periodic CSLDV.  An efficient way to produce a free response is through 

excitation with an instrumented hammer.  The experiment can be triggered by an 

impact which acts over a very small time window leaving a free response for the 

remaining signal.  The natural frequencies and mode shapes (again, up to a scale 

factor) can then be realized with the lifting method, after eliminating the portion of the 

signal that corresponds to the force pulse.  The mode shapes from the identification 

can then be used in addition to the full CSLDV and force signals (without omitting 

the impulsive portion) to calculate the scaling.  This is described in the following 

procedure. 
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The procedure begins by considering the familiar frequency domain input-

output transfer function relationship of a linear time invariant system between all 

outputs Y and a single input U: 

 )(})({})({
11

ωωω UHY
xoNxoN

=  (37) 

If the structure is lightly damped or proportionally damped, then its mode vectors are 

well approximated as real and the frequency response function takes the following 

form 
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where { }rφ is the rth mass normalized mode vector at No output points, ,r dpφ is the 

mode shape at the drive point, and N is the number of modes needed to represent 

the response in the frequency band of interest. 

After lifting the free response signals, and performing identification on the 

pseudo-FRFs, all of the parameters in Eq. (38) are known except the scale factor on 

the mode shapes.  That factor is denoted Cr and defined as follows: 

 }{}{ ,exrrr C φφ =  (39) 

where }{ ,exrφ is the rth unscaled mode shape identified from the pseudo-FRFs 

resulting from applying the lifting procedure to a free-response CSLDV signal.  Cr is 

the proportionality constant between the mass normalized modes and the 

experimental modes.  The experimental output points result from the chosen scan 

pattern as a function of time in combination with the chosen sampling rate.  Equation 

(39) can be substituted into Eq. (38) to produce the following result: 
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The experimental mode shape at the drive point dpexr ,,φ  has to be estimated from the 

experimental mode shape exr ,φ .  The simplest representation for this drive point 

residue is to choose the closest output location to the drive point location.  A more 

robust technique when one has spatially dense points is to fit a low-order polynomial 

to the experimental mode shape at the output locations that surround the drive point, 

and then calculate the mode shape with that polynomial.  With all the parameters 

known in Eq. (40) except Cr the transfer function can be applied to the input-output 

relation of Eq. (37). 
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The input and output are known at many frequencies, so a linear least squares 

problem for the Cr
2 terms in Eq. (41) can be formulated to find the unknown scale 

factors.  However, the output is only measured at each output point once per scan 

cycle, so the equation above must be modified slightly to account for this.  Taking 

the inverse Fourier transform of both sides of the equation, and then recognizing that 

the CSLDV signal at time tp = pΔt depends on the mode shape a the pth 

measurement point ( )
pexr ,φ , one obtains the following. 
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The  response of the rth modal coordinate due to the input at the pth time instant is 

denoted qr(tp), and is found by dividing the input spectrum by the familiar 

denominator, which is constructed from the identified modal natural frequency and 

damping ratio, and then performing an inverse Discrete Fourier Transform (such as 

MATLAB’s ‘ifft’ function). 

The signals on both sides of this equation can be separated into No separate 

responses with the lifting method, each of which corresponds to one output location.   

These responses are yCSLDV,k for k = 1 … No.  One also obtains No modal responses 

qr,k, for each mode r and each output point k.  The kth response is given below in 

matrix form where Nc denotes the number of time samples per output point. 
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The modal scale factors are the same for all output points, so these equations can 

be stacked resulting in a linear least squares problem for the unknown Cr
2 values.  It 

is more convenient to solve this least squares problem in the frequency domain so 

one has the option of excluding any frequency bands that are dominated by narrow-

band noise (e.g., speckle noise [17, 19, 28]).  Denoting the FFT of each signal with a 

capital letter, the complete frequency-domain least squares problem is then 
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The size of the first matrix in the right hand side of the least squares problem is 

(No*Nf) by N where Nf specifies the number of frequency lines used per output 

location.  Computation time can be substantially reduced by using only the 

frequency data near the peak of each mode, for example in the modal half power 

bandwidth, as described in [29].  This also reduces the sensitivity of the least 

squares problem to narrow-band noise, as Ginsberg et al. showed in [30]. 

6. Speckle Noise 

In general, CSLDV signals are subjected to a significant amount of noise due to 

optical properties of the surface that one is scanning. Nearly all engineering surfaces 

can be described as optically rough, which means that the imperfections in the 

surface are significant relative to the wavelength of light.  When coherent light is 

incident on such a surface, some rays will travel farther than others before being 

reflected.  Neighboring “bumps” will de-phase adjacent rays and complex 

interference patterns then arise giving “laser speckle” its name because of the 

appearance of speckling of bright and dark features within such a pattern.  Figure (2) 

shows a representation of an incident wave front being de-phased upon reflection by 

an optically rough surface. 
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Figure 2: Wave fronts incident on an optically rough surface will be reflected and dispersed 
due to surface features.  Adjacent reflected rays will contain different phase information and 
the intensity represented by the summation of rays on a detector will combine adjacent rays 

and phase information will cause light and dark interference patterns, or speckle. 
 
 

6.1.1. Laser Spot Size and Shape 
Martin and Rothberg [22] have shown the strong dependence of speckle size 

on laser spot diameter.  In fact, they observed that for a variety of surfaces, a 600 

μm laser spot diameter produces smaller sized speckles than a 100 μm laser spot 

diameter because the larger spot illuminates a larger number of surface features and 

more instances of constructive or destructive interference can occur. 

Most commercial scanning vibrometers have focusing features that in the 

standard operation mode refocus the laser spot each time it changes position.  

Refocusing is not practical when operating in continuous scanning mode, so the 

focus varies depending on the position of the spot within the target plane.  The laser 

spot size is at its minimum diameter in the focal plane, becoming larger as the spot 

strays from this plane (See Fig. (3)).  Note also from Fig. (3) that the different spatial 

variables of the scan can be related by the following equation: 

 
d
xm=θtan  (45 
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Figure 3: The size and shape of the laser spot changes as it is scanned in one dimension. 

 
 

 
One school of thought suggests that speckle noise should be at a minimum if the 

laser source is focused to its aperture limited focal size on the target because this 

produces only one (or a very small number) of large speckles that are about the 

same size as the detector being used.  (Theoretical focal points have zero 

dimensions, but real optical systems are practically limited by one or more aperture 

sizes [31].)  As motion is introduced, this single speckle will transition out of the 

detector, but one would hope that the transition is mild because the speckle is large.  

According to this theory, as the laser spot increases in size one obtains a larger 

number of smaller speckles on the detector.  In any instant many of these may 

transition off of the detector causing speckle noise.  However, one can also take the 

opposite view of the same scenario; when the speckles are smaller, each 

contributes less to the total intensity, so there may be instances where increasing 

the spot diameter decreases the speckle noise.  This has also been suggested [17]. 
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Figures (4) and (5) illustrate this effect for an aluminum beam.  The Polytec 

vibrometer described subsequently was focused on the beam’s surface, and the field 

of laser light reflected from the surface to a target near the front of the LDV was 

recorded with a digital camera.  When the laser beam is focused carefully on the 

beam’s surface, a pattern with relatively large speckles is obtained at the detector, 

as shown in Fig. (4).  This presumably places about one speckle on the detector of 

the LDV, which is assumed to be about 1-2 centimeter square.  On the other hand, 

the spot size increases as laser beam is swept away from the best focus point, 

producing smaller sized speckles, such as those shown in Fig. (5).  The bright 

vertical band in the speckle pattern is probably due to extrusion lines on the surface 

of the beam.  The reflection off these regularized lines tends to be concentrated in 

direction perpendicular to the extrusion lines.  The changing speckle field may 

increase or decrease the speckle noise as the focus changes with the laser’s 

motion. 
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 Figure 4: Best focus speckle pattern with  Figure 5: Speckle pattern with larger laser 

smallest laser spot size.  spot size due to the laser being slightly out  
   of focus.
 

7. Experimental Applications of CSLDV 

The proposed continuous scan vibrometry method, including the lifting and 

mode scaling procedures was evaluated by applying it to a simple, aluminum (Al 

6061 T6) beam with dimensions 97.16 by 2.54 by 0.635 cm.  The beam is light and 

flexible, and hence it might be modified by attaching contact transducers or 

excitation devices.  The beam was suspended by light 2.38 mm diameter bungee 

cords during the test to simulate a free-free condition.  The support system was 

designed so that the rigid body modes would have natural frequencies about ten 

times lower than the first elastic mode, so that the first natural frequency should not 

shift more than about 1% [32].  Elastic supports were also employed in the x-

direction to minimize x-directional swinging and x,y-plane rotation, because these 

rigid body motions would alter the position of the scan path on the beam and 

20cm 

20cm 

20cm 

20cm 
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possibly cause the laser spot to fall off the edge of the beam.  A schematic and a 

photograph of the configuration are shown in Figs. (6) and (7). 
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19.05 cm 19.05 cm 

x 

y 

 
Figure 6:  Schematic and dimensions of test setup. 

 

 
Figure 7: Aluminum beam and support system. 

 
 

7.1.  Hardware Setup 

A schematic of the measurement hardware for the experiment is shown in Fig. (8), 

which includes the following: 

i) Polytec® PSV-400 80kHz scanning laser vibrometer 

ii) Custom cable to externally control the scan-mirror servo motors 

iii) Tektronix AFG 3022 Dual Channel Arbitrary Function Generator 

iv) PCB Piezotronics modally tuned ICP impact hammer 086C01 
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The software laser position control was replaced by a user defined voltage signal by 

replacing one of the vibrometer control cables with a custom cable.  A Tektronix 

AFG 3022 Dual Channel Arbitrary Function Generator was used to generate 21, 51, 

and 100 Hz sinusoidal signals that were used to drive the x-direction mirror.  The y-

direction scan-capability was not utilized in this study. 
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Figure 8:  Schematic of Data Acquisition Hardware 

 
 
 

When utilizing standard, discrete-point scanning, one selects measurement 

points graphically on a video image acquired by the laser scan head and the 

software calculates the mirror voltages required to direct the laser to the desired 

points.  Because this calibration information was not readily available, the amplitude 

of the signal driving the x-mirror was simply adjusted until the laser traversed all but 

a few millimeters of the length of the beam.  This signal was also fed into the data 

acquisition system and was later used to determine the location of the laser spot as 

a function of time.  The input voltage υ(t) was assumed to be related to the position 
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of the laser spot x by a linear dynamic system such that X(fscan) = G(fscan)V(fscan), 

where fscan is the scan speed.  The magnitude and phase of G(fscan) were determined 

as follows.  The distance between the end of the laser path and the ends of the 

beam was recorded and used to determine the scale factor relating voltage and 

laser spot position.  This method led to experimental mode shapes that agreed well 

with analytical shapes for low scan frequencies.  For scanning at 100 Hz, the relation 

between input voltage and laser spot position was found to be slightly nonlinear.  A 

correction factor can be used to account for this nonlinearity, as will be discussed 

later.  Initial tests also revealed that there was a significant phase delay between the 

voltage sinusoid and the x-position.  This was clearly visible in the mode shapes that 

were found using the lifting method, because the mode shapes differed for the 

forward and backward sweeps of the laser.  The phase delay was found by adjusting 

the phase of x relative to υ(t) until the mode shapes for the forward and backward 

sweeps were identical. 

7.2.  Vibration Tests 

The LDV vibration signals, mirror drive signals and hammer force signals 

were recorded for four-input data series for each of 21, 51, and 100 Hz scanning 

frequencies.  The impacts were applied at the x-locations 55.9 cm, 70.5 cm, 78.1 

cm, and 85.73 cm with respect to the datum shown in Fig. (6).  No attempt was 

made at averaging to reduce noise in the LDV signal, although this would certainly 

be beneficial and will be implemented in future studies.  Data acquisition was 

triggered by the force hammer, which had a soft plastic tip.  Sampling rates of 20 
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KHz were utilized for the three scanning rates.  Twenty five seconds of response 

data was acquired for each test, which was the time required for the vibration signal 

to decay to a small level.  An exponential window with a decay constant of 0.21s-1 

was then applied to the vibrometer signals and force signals to reduce the effects of 

leakage and noise.  This was approximately equal to the minimum decay constant of 

any of the elastic modes, which was found to be optimum in [33] when a free 

vibration signal is contaminated with Gaussian noise.  The portions of each of the 

time records occurring before and during the force pulse were deleted to obtain the 

free-response of the beam for use with the lifting method.  The full signals were also 

saved to mass normalize the mode shapes. 

Because the clock controlling the function generator was found to be out of 

sync with the data acquisition signal, an algorithm was created to resample the 

signals to be synchronous with the sampling frequency.  First, a sinusoid was fit to 

the mirror drive signal to determine the true frequency of the scanning, which was 

consistently found to be slightly higher than the applied frequency.  For nominal 21, 

51, and100 Hz input frequencies, the measured mirror signal was 1e-4, 3e-4, and 

6e-4 Hz higher in frequency, respectively.  All of the signals were resampled 

synchronous with the true frequency by first using an FFT based interpolation to 

reduce the sample increment by eight times and then using linear interpolation to 

find the response at the desired sample points.  The pseudo LTI response points 

were then lifted from the resulting synchronous, linear time periodic data using Eq. 

(34). 
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After determining the system’s natural frequencies and unscaled mode 

shapes using the lifting method, the full vibration, mirror, and force signals, including 

the portions before, during, and after the force pulse, were resampled synchronous 

with the scan frequency and exponentially windowed.  The values of the unscaled 

mode shapes at the drive point location were calculated, and the FFT of the lifted 

force and responses were then used to solve the least squares problem of Eqs. (42-

44) to determine the unknown mode shape scale factors. 

7.2.1. Results of Parameter Identification from Lifted Vibration Signals 

Fig. (9) shows the low frequency spectrum of the vibrometer signal from a 51 

Hz sinusoidal scanning test initiated by hammer impulse.  The meaningful part of the 

signal falls below the noise floor at approximately 2 kHz.  Dozens of peaks can be 

seen to protrude above the noise floor in this bandwidth and the signal is quite 

complicated.  A closer inspection in Fig. (10), which is a zoomed portion of Fig. (9), 
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 Figure 9: FFT of CSLDV signal for input DP-4 at x = 78.1 cm. 
 
 
 

reveals groupings of peaks around modes (sidebands) with each peak separated by 

the scan frequency.  For example, sharp peaks can be seen at about 17, 68, 119 , 

and 170 Hz.  Sharp peaks also appear at the scan frequency 51 Hz and its 

harmonics.  Representative spectrums for the 21 Hz and 100 Hz data show similar 

groupings of harmonics separated by the respective scan frequencies.  The peaks in 

the spectrum can be explained by Eq. (32).  By collecting all the Br,m coefficients, 

identification could be performed on this spectrum, but one can see that this might 

be very complicated. 
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Figure 10: Expanded view of CSLDV signal in Fig. (9). 

 

 

 The lifting procedure was applied to the 51 Hz scanning data, which was 

sampled at 20 kHz, resulting in 402 pseudo-LTI system responses for each test.  

These responses were transformed into the frequency domain to give a four-input 

and 402-output pseudo-FRF matrix with 644 frequency lines.  The CSLDV 

measurements with 21 and 100 Hz scan frequencies had four-input pseudo-FRFs 

with the following sizes, respectively: 976-output with 253 frequency lines and 205-

output with 1264 frequency lines. 

The complex mode indicator function (CMIF) was formed for the data sets, to 

see whether the measurements contain any close natural frequencies.  In principle, 

the CMIF is not necessary for this simple beam system which is expected to have 
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well-separated, real modes, but it helps to reveal modes that appear close together 

in the aliased bandwidth as a result of the aliasing from the lifting method.  Figure 

(11) provides the CMIF for the 51 Hz scanning five-input data set of lifted responses.  

The bandwidth of the lifted frequency domain signals is 25.5 Hz, half of the 51 Hz 

scanning frequency.  The bandwidths for the lifted responses from CSLDV at 21 Hz 

and 100 Hz are 10.5 Hz and 50 Hz, respectively.  The CMIF calculation averages 

over all the pseudo-response points creating the clean looking traces shown in Fig. 

(11).  The second singular value ratio (green curve) does not indicate any repeated 

natural frequencies, although it does reveal a weakly excited mode near 1 Hz.  Eight 

peaks are visible in the curve for the first singular value ratio (blue curve) of the 51 

Hz scanning data set.  The complicated spectrum of Fig. (9) containing numerous 

peaks has been reduced to a much simpler spectrum, with a CMIF or average that 

can be easily interrogated. 
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Figure 11: Complex Mode Indicator Function (CMIF) of CSLDV data after processing by MDTS 

method. 
 

 

The pseudo-FRF matrices for the 21, 51, and 100 Hz scan frequencies 

resulting from the lifting procedure were processed using the Algorithm for Mode 

Isolation (AMI) to realize the natural frequencies and unscaled mode shapes of the 

system [29, 34, 35], although, in principle, any standard identification package could 

be used to identify the modal parameters from the pseudo-FRFs.  Figure (12) below 

shows the composite FRF of the measured pseudo-FRFs, the AMI fit of the data, 

and the difference between the measurement and the fit for the 51 Hz scan 

frequency.  The AMI fit compares remarkably well with the true measurement itself.  

The difference between the two (red curve) appears as nearly constant with a few 

subtraction errors in the low frequency modes and seems to be only noise without 
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any other meaningful information.  The results of applying identification with AMI on 

the 21 Hz and 100 Hz data were also very good.  Eight, nine, and ten modes were 

identified using AMI in the 21, 51, and 100 Hz data, respectively.  Fig. (12) shows 

eight of the mode-peaks in the 51 Hz scan frequency measurements clearly. 
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Figure 12:  (gray) Composite FRF of the 51 Hz CSLDV data after applying the lifting method, 

(green dotted) Reconstructed Composite FRF identified by AMI, (red) Composite of the 
difference between the measurement and the reconstruction. 

 
 
 

The identified natural frequencies both aliased and unaliased attributed to 

elastic bending and damping ratios for the three different scan frequencies are 

provided in Table (1).  The rigid body modes are omitted in the table, although in all 

cases the measurements contained at least two rigid body modes and the 100 Hz 

measurements contained 3 rigid body modes.  Also, the damping ratios have been 

corrected for the exponential window that was applied.  Note that initially the 
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frequencies identified by AMI are aliased as described in Section 4.2.1.  When a 

mode was weakly excited, such as mode 7 in the 51 Hz scanning data series, the 

unaliased natural frequency had to be corrected manually while the others were 

determined using the automated procedure described previously that maximized the 

modal phase co-linearity.  Specifically, the mode shape estimates from the AMI 

residues using λunaliased
  were made mostly real by adding integer multiples m of the 

scan frequency to the imaginary part of the identified AMI eigenvalue,  λunaliased
 = λAMI 

+ im2πfscan.  Table (1) also provides the analytical natural frequencies for an Euler-

Bernoulli free-free aluminum beam of the same dimensions of the beam used in the 

experiment and with nominal material properties.  For all three scanning frequencies, 

the natural frequencies identified by AMI agree quite well with the nominal analytical 

natural frequencies and furthermore they agree exceptionally well with each other. 

The damping ratios identified by AMI are also given in Table (1) (after 

unaliasing and removing effects of the exponential windows on the eigenvalues).  

One can observe that they vary more from one scan frequency to the next than do 

the natural frequencies.  There is good agreement (20% error or better) for all 

bending modes besides mode four between the 21 Hz and 100 Hz data, and all 

three data sets agree closely for the sixth bending mode.  The damping ratios 

extracted from the 51 Hz measurements are sometimes 2 or 3 times larger than 

those of the 21 and 100 Hz measurements. 
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3,1 17.4 3.6 0.23 17.5 17.5 0.18 17.6 17.6 0.18
4,2 47.6 5.6 0.11 47.6 3.4 0.28 47.4 47.4 0.12
5,3 93.1 9.1 0.21 93.1 8.9 0.35 92.8 7.3 0.23
6,4 153.6 6.7 0.1 153.7 0.9 0.31 153.9 46.1 0.17
7,5 230.4 0.7 0.050 230.4 24.6 0.086 230.3 30.3 0.049
8,6 322.1 7.1 0.020 322.1 16.1 0.017 322.1 22.1 0.017
9,7 - - - 428.0 20.0 0.014 427.8 27.8 0.016

Unaliased 
Freq (Hz)

AMI Freq 
(Hz)

Damp 
(%)

Mode #, 
Bend. 

Mode #

21Hz CSLDV 51 Hz CSLDV 100 Hz CSLDV
Unaliased 
Freq (Hz)

AMI Freq 
(Hz)

Damp 
(%)

Unaliased 
Freq (Hz)

AMI Freq 
(Hz)

Damp 
(%)

 
Table 1: Natural frequencies of CSLDV data identified by AMI, unaliased and aliased, for three 

different scan frequencies. 
 
 
 

The corresponding mode shapes for the AMI fits for the three different 

scanning frequencies are shown in Figs. (13-15).  Figures (13-15) also includes the 

analytical mode shapes for a free-free Euler-Bernoulli beam.  No mass normalizing 

has been applied to the data at this point and the experimental vectors are scaled to 

agree with the norm of the analytical mode vectors.  Therefore, only the shapes of 

the vectors in Figs. (13-15) are of interest.  No averaging was applied to the data 

either, so weakly excited modes that were difficult to fit have quite noisy mode 

shapes. 

At each scanning rate, the gain and phase delay were found for the laser-

position/mirror-voltage relationship.  These values are summarized in Table (2).  The 

scanning mirrors were observed to respond nonlinearly for high scan frequencies.  

Ideally, scanning mirror systems can be designed for linear response at high 

frequencies, however, the Polytec system used in this study was designed to move 

the mirrors to discrete positions and hold them there, and the large laser focal range 

requires large mirrors.  A third order harmonic adequately represented the nonlinear 
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component of the mirror response at 100 Hz and was added as a correction factor 

when estimating the laser spot position as a function of time. 

 

fscan 
 (Hz) 

Gain 
(cm/V) 

Phase 
(deg) 

21 36.0 -8.9 
51 35.1 -21.5 

100* 32.0 -43 
Table 2: Linear gain and phase relationship between the mirror signals and laser positions.  

*Correction factor included to account for high-frequency response nonlinearities. 
 
 

Seven bending modes were identified for the 51 Hz and 100 Hz scanning 

cases while only six were identified from the 21 Hz data.  Two rigid body modes, 

translation and major axis rocking, were identified for the 21 Hz and 51 Hz scanning 

data, while the 100 Hz data revealed the translation and major axis rocking as well 

as the minor axis rocking rigid body mode (not shown in Fig. (15)).  The frequencies 

of these rigid body modes were omitted from Table (1) because their values (which 

are theoretically zero) are not meaningful, being dependent primarily on the tension 

in the soft bungee cords used in the experimental setup.  Although the supports 

could affect the elastic modes a small amount, that is assumed to be negligible [32].  

Each mode shape in Figs. (13-15) contains a forward and a reverse sweep of the 

laser (one full period) both of which tend to agree for all the modes of each of the 

scanning data sets, especially the rigid body modes and the lower frequency 

bending modes. 
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Figure 13: Mode shapes for free-free beam obtained experimentally using CSLDV with 21 Hz 
scanning frequency, compared to analytical shapes.  *Solid black lines denote the analytical 

Euler-Bernoulli shape; dots show the experimentally obtained shapes at each pseudo-
measurement point.  The experimental mode vectors shown here were scaled to have the 
same norm as the analytical ones, so only the shapes of the vectors is of interest in these 

plots. 
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Figure 14:  Mode shapes for free-free beam obtained experimentally using CSLDV with 51 Hz 

scanning frequency, compared to analytical shapes. *See caption for Fig. (13). 
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Figure 15: Mode shapes for free-free beam obtained experimentally using CSLDV with 100 Hz 

scanning frequency, compared to analytical shapes.  A correction term was added to the 
position vector for the 100 Hz modes to account for nonlinearity in the response of the 

scanning mirrors for high frequency scanning.  *See caption for Fig. (13). 
 
 

7.2.1.1. Discussion  

The lifting procedure creates hundreds of response points from a single 

measurement and is easily extended to a multi-input testing condition because the 

resulting lifted response can be stacked into a three-dimensional multi-input-multi-
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output (MIMO) matrix for which numerous identification packages are readily 

available.  Established analysis methods for modal analysis such as the CMIF can 

be used to evaluate the system.  The many pseudo-FRFs produced from lifted 

signals can be averaged to give very clean looking spectra which are much simpler 

to visually investigate than the complex spectrum produced by CSLDV as seen in 

Fig. (9).  Periodic speckle noise is conveniently collected and deposited on the zero 

frequency line (DC) by the aliasing process.  

When using AMI to identify the natural frequencies, damping ratios, and mode 

shapes of the lifted data, up to seven bending modes were identified for only 4 

inputs each triggering a test that lasted about 25 s.  The bending natural frequencies 

and mode shapes show exceptional agreement with the Euler-Bernoulli shapes.  

Even the scatter in the points for noisy modes appears to average to the analytical 

shape.  The one-dimensional sinusoidal laser scans have forward and backward 

paths that give two separate estimates of each shape which help ensure that the 

correct shape is realized.  The anti-symmetric mode shapes all have zero crossings 

at the center of the beam, and the zero crossings (nodes) near the edges of the 

beam move outward with increasing mode number as expected. 

The seventh bending mode fit was quite noisy for the 51 and 100 Hz data, 

and was too noisy to fit for the 21 Hz data.  To help explain this Fig. (16) below 

provides the composite FRFs of each of the four input data sets with a marker for 

each peak denoting the unaliased natural frequency of that peak.  One can easily 

see that the seventh bending mode at a nominal 428 Hz is weakly excited; its 

amplitude is comparable to the amplitude of the noise floor of the signal for the 51 
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and 100 Hz data.  Assuming the seventh bending mode, which would have aliased 

to 8.7 Hz in the 21 Hz lifted spectra, was excited to a similar amplitude, one can 

visualize how the mode is completely overwhelmed by the tails of other modes and 

the noise floor in the top panel of Fig. (16).  The 153.7 Hz bending mode of the 51 

Hz data also shows some variation in its mode shape.  Its aliased frequency is 0.9 

Hz, and it is nearly covered by the tail of the nearby rigid body mode, so it is 

somewhat surprising that this mode is still extracted quite accurately compared to 

the analytical mode.  
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Figure 16: Composite average of pseudo-FRF matrices for 21, 51 and 100 Hz scanning 

frequencies.  The unaliased natural frequency is denoted at each peak. 
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Fig. (16) allows one to see more clearly how aliasing moves the modes around 

within the lifted bandwidth. A scan frequency of 21 Hz is 40 times lower than ideal to 

capture the 428 Hz seventh bending mode, and indeed the AMI algorithm was not 

able to detect it.  However, the rest of the modes identified within the 21 Hz data set 

are very accurate, even at such a non-ideal scanning rate.   

The identified damping ratios in this study have larger margins of error.  The 

damping ratios from the 21 Hz and 51 Hz measurements agreed within 20-30%.  

The measurements taken with 51 Hz had damping ratios that differed from the 

others by more than 30%.  The experimental supports could significantly affect the 

experimental damping without affecting the other modal properties, as shown by 

Carne, Griffith, and Casias in [32], and there tends to be a variation in the damping 

ratio identified from test to test regardless.  Because CSLDV and the lifting algorithm 

are so easy to implement, one could easily supplement a given set of data with a 

few extra measurements at different scan frequencies to better determine the 

damping ratios.  Future studies will seek to determine whether the damping 

estimated by CSLDV with the lifting method is more or less accurate than would 

obtained by other methods.  

7.2.2. Mass Normalizing using Modes from Free Response Data Fits 

After extracting the modal parameters from the free-response portion of the 

CSLDV signals, the full signals that include portions prior to and during the forcing 

can be used to scale the mode shapes.  
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Two different approaches were used to scale the mode shapes.  First, each 

measured hammer force and corresponding multi-output CSLDV response was 

treated separately and used to solve the least squares problem in Eq. (44), for the 

modal scale factors.  The second approach stacked the least squares problems for 

all four input points to find the scale factors that best satisfied the entire data set.  

While the least squares problem for these five-input-multi-output data sets tends to 

be large (the matrix on the right in Eq. (44) had 212,224 rows and 9 columns for the 

51 Hz scanning data series) the computation required less than a second in 

MATLAB so the operation was not particularly expensive. 

The scale factors Cr were used in Eq. (39) to find the experimentally 

estimated, mass-normalized mode vectors{ }r
φ .  In order to assess the validity of the 

scale factors, a metric called the Modal Scale Factor (MSF) was then computed 

between these vectors and the analytical mass normalized mode vectors, obtained 

using Euler-Bernoulli beam theory.  The MSF is defined by Eq. (46) for rth mode 

based on [36].  { } ,r an
φ  denotes the rth analytical mass-normalized mode shape. 

 
{ } { }
{ } { }

,

, ,

T

r r an
r T

r an r an

MSF
φ φ

φ φ
=  (46) 

The MSF gives a value of one if the modes are identical and have the same norm.  If 

the vectors are different or the scale factor is too small or too large, then the MSF 

will give values differing from unity. 

The modal scale factors for each drive point, and those obtained by the MIMO 

procedure are shown in Table (3-5) for scan frequencies of 21, 51, and 100 Hz 
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respectively.  The four drive points are denoted DP-1 … DP-4, and the x-coordinate 

of each drive point is also given.  The natural frequencies are also listed for 

convenience.  Most of the MSFs for each of the four drive points are near one, 

indicating good agreement between the scale of the experimental and analytical 

mode shapes.  The variation in the MSFs per drive point is generally less than 20%, 

although some of the drive points have MSFs differing by 300%.  In an effort to 

explain this discrepancy, the amplitude of the mode shape was found at each drive 

point to see whether these poor MSFs might come about due to weak excitation of 

that mode in that particular drive point.  For convenience, the drive point amplitude 

was normalized by the maximum absolute value of the mode shape, defining the 

normalized drive point amplitude Lr. 

 { }( )r

dpr
rL

φ

φ

max
,

=  (47) 

The normalized drive point amplitude Lr is near one if the drive point excites 

the rth mode as much as possible and near zero if the excitation is at a node.  The Lr 

values are also shown in Tables (3-5) for each mode at each drive point. 

These results show that the MSF can be inaccurate if the drive point 

amplitude is too low.  All of the MSFs that are greater than 1.5 correspond to drive 

point amplitudes close to zero.  If all of the MSFs corresponding to Lr less than 0.3 

are excluded, the scatter in the remaining MSFs is less than 30 %, 20 %, and 35 % 

for the 21, 51, and 100 Hz scanning frequencies, respectively.  The MSFs obtained 

using MIMO scaling procedure are also shown in the rightmost column of Tables (3-
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5).  For the 51 Hz data, they are all within 5% of the average of the MSFs computed 

at points that had Lr>0.3, while the 21 and 100 Hz data show most of the modes 

having 20 % or less difference between the MIMO MSF and each individual drive 

point MSF. 

 

Mode Freq. MIMO
# (Hz) MSF Lr MSF Lr MSF Lr MSF Lr MSF
1 1.5 0.77 1.0 0.61 1.0 0.89 1.0 0.88 1.0 0.72
2 2.2 0.64 0.2 0.70 0.8 1.00 0.5 0.91 0.6 0.72
3 17.4 0.95 0.9 0.75 0.4 0.74 0.3 1.00 0.1 0.87
4 47.6 0.71 0.4 0.72 0.1 0.91 0.7 0.81 0.4 0.81
5 93.1 0.97 0.5 0.97 0.3 0.81 0.7 0.83 0.9 0.87
6 153.6 0.65 0.6 0.85 0.5 3.32 0.0 0.76 0.6 0.72
7 230.4 1.14 0.2 0.82 0.8 0.82 0.5 0.88 0.4 0.87
8 322.1 0.78 0.8 0.81 0.8 0.81 0.8 0.53 0.1 0.80

DP-1, 55.9 cm DP-2, 85.7 cm DP-3, 70.5 cm DP-4, 78.1 cm

 
Table 3: CSLDV at 21 Hz scanning frequency.  *Modal Scale Factors between experimentally 
scaled and analytical mode shapes for four drive points, each taken individually and for the 

MIMO procedure. 
 

Mode Freq. MIMO
# (Hz) MSF Lr MSF Lr MSF Lr MSF Lr MSF
1 1.7 0.92 0.9 0.93 0.9 0.97 0.9 0.91 0.9 0.93
2 2.7 0.85 0.2 0.91 0.8 0.98 0.5 0.89 0.6 0.91
3 17.5 0.90 0.9 0.92 0.4 0.82 0.3 1.08 0.1 0.90
4 47.6 0.82 0.4 1.05 0.1 0.90 0.6 0.85 0.4 0.86
5 93.1 0.85 0.5 0.79 0.3 0.91 0.7 0.82 0.9 0.85
6 153.7 0.76 0.6 0.79 0.4 1.69 0.0 0.80 0.5 0.77
7 230.4 1.07 0.3 0.78 0.8 0.74 0.5 0.91 0.3 0.81
8 322.1 0.84 0.8 0.86 0.7 0.87 0.7 0.46 0.1 0.85
9 428.0 0.34 0.2 0.53 0.6 0.67 0.3 0.41 0.6 0.47

DP-1, 55.9 cm DP-2, 85.7 cm DP-3, 70.5 cm DP-4, 78.1 cm

 
Table 4: CSLDV at 51 Hz scanning frequency.  *See caption for Table (3). 

 
Mode Freq. MIMO

# (Hz) MSF Lr MSF Lr MSF Lr MSF Lr MSF
1 1.7 0.89 0.9 0.92 0.9 0.92 0.9 0.94 0.9 0.92
2 2.7 1.83 0.2 0.44 0.8 0.88 0.5 1.04 0.6 0.82
3 17.6 0.82 0.9 1.01 0.5 0.96 0.3 0.91 0.1 0.80
4 47.4 0.45 0.4 1.37 0.1 0.85 0.6 0.89 0.4 0.68
5 92.8 0.55 0.5 1.44 0.3 0.81 0.8 0.86 0.9 0.59
6 153.9 0.58 0.6 0.78 0.5 0.33 0.1 0.72 0.7 0.48
7 230.3 1.93 0.2 0.67 0.8 0.88 0.5 0.80 0.5 0.85
8 322.1 0.84 0.8 0.84 0.7 0.87 0.8 1.82 0.0 0.85
9 427.8 0.79 0.2 0.24 0.6 0.45 0.5 0.58 0.4 0.39

DP-1, 55.9 cm DP-2, 85.7 cm DP-3, 70.5 cm DP-4, 78.1 cm

 
Table 5: CSLDV at 100 Hz scanning frequency.  *See caption for Table (3). 
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7.2.2.1. Discussion  

One should note that the drive point amplitude alone is not a perfect indication 

of a well excited mode.  The mode must also be well excited relative to other modes 

with nearby frequencies, and even then the adjacent mode may still dominate the 

response. 

One should note that although an MSF value of one indicates perfect scale 

agreement between the analytical model and the experiment, the analytical model is 

only an approximation to the real system, subject to the limitations of Euler-Bernoulli 

beam theory.  However, the beam was weighed and its mass was found to be within 

1-2% of that of the model, so one would expect the model to be quite accurate.  

Furthermore, much of the scatter in the MSFs may not be an indicator of a fault in 

the methodology, but may actually come from uncertainty associated with the 

direction and location of the hammer blows.  The methodology assumes that the 

hammer blows are administered perpendicular to the surface of the beam.  If this is 

not the case, then the energy input to the bending modes of the beam will be less 

than the force measurement suggests, making the identified modal scale factors 

smaller than they should be.  A study by Kanda et al. [37] showed a similar level of 

scatter in the scale factors that they identified for a frame system using traditional 

impact testing. 

7.3. Investigation of Speckle Noise  

A Series of CSLDV experiments were executed without exciting the beam.  

These conditions were assumed to be nearly zero-vibration conditions.  The laser 
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had been pre-focused to its smallest aperture limited focal point using Polytec’s ‘auto 

focus’ feature.  The vibrometer and mirror drive signals were recorded for 

approximately 5 s each test.  A number of experimental parameters were varied in 

order to assess the effects of speckle noise on the resulting vibrometer signal.  The 

relative variation of speckle noise amplitude for different CSLDV tests were 

observed, in particular the effects of surface velocity were noted.   

Metrics describing the speckle noise magnitude were calculated for various 

combinations of the experimental parameters.  The following tables provide the 

values of the experimental parameters used in the study with the nomenclature from 

Fig. (3). 

 
Scan Length Target-to-Detector Separation Sampling Frequency 

2*xm, [m] d, [m] fsamp,[kHz] 
0.3 2 12.8 
0.6 3.4 25.6 
0.98 5.5 51.2 
Table 6: Experimental parameters used in noise study. 

 
Scan Frequency, fscan,[Hz] 

5 10 15 20 30 40 50 60 70 80 90 100 
Table 7: Experimental scanning frequencies used in noise study. 

 

The scan frequency was varied by 10 Hz from 20 -100 Hz for scan lengths 2*xm = 

0.3, 0.6, and 0.98 m at each of target-to-detector separations d = 2, 3.4 and 5.5 m.  

At the closest target-to-detector separation tested, d = 2 m, scan frequencies of 5 

Hz, 10 Hz, and 15 Hz were also investigated to overlap with other published work 

[20].  Since surface velocity has been shown to be influential to speckle noise, it was 

chosen to be the independent variable in most of the following plots. 
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Ideally, one would seek to specifically quantify the effects on speckle noise of 

changing any one experimental parameter.  However, while one can vary the 

experimental parameters independently, the parameters’ effects on speckle noise 

are coupled.  Therefore, the relative variation of speckle noise magnitude as a given 

experimental parameter is varied will be shown. 

7.3.1. Experimental Surface Velocity Noise Results 

Figure (17) below shows the low frequencies of the spectrum from a noise 

test sampled at 12.8 kHz while the laser was driven continuously with a 10 Hz 

sinusoid.  Sharp peaks can be seen at integer multiples of 10 Hz over the entire 

bandwidth of the spectrum, as has also been observed in published works [19, 20].  

The peaks for the fundamental frequency and the first few harmonics are notably 

larger (nearly two times) than the rest of the peaks, which remain relatively constant 

out to high frequencies.  The spectrum away from these harmonics is approximately 

one order of magnitude lower. 
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Figure 17: Measured vibration signal for a CSLDV applied with a 10 Hz sinusoidal driving 

function on a stationary aluminum beam.  Peaks occur at the scan frequency and its 
harmonics and fill the entire bandwidth of the measurement. 

 
 

The same noise signal plotted in the time domain, is shown in the top panel of 

Fig. (18).  Each period of the signal is overlaid and plotted with a different color.  

Blue markers correspond to early time instants while red markers are data points 

occurring late in the time history.  The total time history was 5.12 s long, 

corresponding to 50 periods with 1280 samples per cycle.  The periodic mirror drive 

signal, which is maximum when the laser spot is near the edge of the beam, is 

plotted directly below the vibrometer signal.  The noise signal appears to be random 

noise, modulated by an enveloping function.  The envelope is at a minimum when 

the laser is at the edge of the beam and maximum when the laser is at the center of 

the beam.  
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Figure (19) shows a small time interval of the time domain plot of Fig. (18) at 

the maximum value of the envelope.  While Fig. (18) seemed to show a signal that 

was random, this detail plot reveals a striking amount of structure for each time 

point; each column of points has a relatively large variance, but the there is a strong 

underlying structure, reinforcing that the noise signal is approximately periodic.  The 

noise in the lifted signals in the time domain is readily apparent in these plots.  Each 

column of points corresponds to a lifted response at one point on the structure.  

Using this plot, one can see the variance that exists for each lifted response.  At this 

sample rate there is one sample every 200 μm, which is still three orders of 

magnitude larger than the laser wavelength. 

 

 
Figure 18: (top) Time domain signal of 51 periods of a 10 Hz sinusoidal noise scan overlaid. 

(bottom) Voltage input to scanning mirrors each period. 
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Figure 19: Detail view of small time interval of Fig. (18). 

 
 

7.3.1.1. Discussion 

The amplitude of the noise signal as a function of position within the period 

can be explained in part by the variation of surface velocity of the laser point as it 

traces its path on the test device.  To confirm this, a similar test was performed using 

a 10 Hz triangle wave, which has a constant derivative besides the singularity at the 

triangle peak. 

The noise signal for this triangular laser sweep is shown in Fig. (20), using the 

same format as Fig. (18).  The velocity of the laser spot is constant, although it 

changes sign from negative to positive at 0.05 s.  The noise signal appears to have 

constant variance throughout the period, suggesting the laser spot velocity is 

strongly related to the variance.  However, the detailed view shows that there is still 

considerable small-scale structure in the speckle noise, agreeing with other work 

[19] that also observed that the speckle noise signal was approximately periodic 

when the relative velocity between the surface and laser spot was constant. 
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Figure 20: (top) Time domain signal of 51 periods of a 10 Hz triangular noise scan overlaid. 

(bottom) Voltage input to scanning mirrors each period. 
 
 
 

 
Figure 21: Detail view of small time interval of Fig. (18). 
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It is interesting to note that the frequency and time responses show significant 

periodicity in the speckle noise, even though perfect periodicity would require that 

the laser not deviate from a specific scan path by more than a fraction of the laser 

wavelength.  The noise amplitude is sensitive to the rate at which speckles transition 

through the detector, especially the noise at the scan frequency and its harmonics, 

so scan types should be chosen accordingly.  As previously mentioned, each of the 

columns in the time density plots (seen clearly in the zoomed portions of Figs. (19) 

and (21)) is the noise signal of each of the pseudo-LTI responses when the lifting 

method is used.  If the noise was precisely periodic, all of the points in each column 

would overlay.  The amount of variance in these columns can be thought of as one 

representation of the non-periodic component of noise.  Another measure of the 

non-periodic noise will be discussed further in Sections 7.3.2.2 - 7.3.2.4. 

7.3.2. Experimental Setup/Geometry Noise Results 

The periodic and non-periodic components of the speckle noise have differing 

effects on CSLDV, so each will be considered separately in all of the following.  The 

non-periodic speckle noise component was calculated in the frequency domain for 

both the original and the lifted signals.  The average amplitude of the non-periodic 

noise, ηave, was calculated by removing both the harmonic peaks and their side 

bands from the frequency domain data series, leaving the non-periodic signal vector 

Yaper(ω) at Naper data points, and finding the arithmetic mean of the magnitude of the 

spectrum. 



 

62

 
aper

N

k
kaper

ave N

Y
aper

∑
== 1

)(ω
η  (48) 

The lifting process produces many pseudo-responses from a single noise 

signal, each of which aliases the noise into a limited frequency band.  Figure (22) 

below shows the average magnitude, or composite of the pseudo-FRFs produced by 

applying the lifting method to the noise signal measured with CSLDV at a scan 

frequency of 100 Hz.  The periodic noise is aliased to the zero frequency line and 

falls off to the noise floor.  Equation (48) was applied to the noise floor portion of the 

signal, Yaper,lifted(ω) to obtain the lifted non-periodic noise, ηave,lifted, which is equal to 

2e-4 mm/s for the signal shown. 
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CSLDV Lifted Frequency Domain Noise Data for 100 Hz Scanning

Figure 22: Composite of the lifted pseudo-FRFs from a noise signal measured with CSLDV at a 
scan frequency of 100 Hz. 
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The periodic component of noise was quantified in the time domain by 

retaining those harmonic peaks that were removed from the frequency domain 

signals to calculate the non-periodic noise and setting the remaining frequency lines 

to zero.  This periodic signal was then transformed back into the time domain with 

the inverse Fast Fourier transform (IFFT).  The standard deviation of the resulting 

signal provides a measure of the periodic noise level, ρave. 
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7.3.2.1. Periodic Speckle Noise 

Fig. (23) provides the amplitude of the periodic noise using Eq. (49) for three 

scan lengths, at each of the three target-to-detector distances.  Martarelli and Ewins 

provided a similar data series in [20] for scanning frequencies of fscan=0.2, 0.5, 1, 5, 

10, and 20 Hz.  Note that 5, 10, 15, and 20 Hz correspond to the first four points in 

the left plot of the blue curves.  The surface velocity depends on both the scan 

frequency and scan length, so each of the cases in the table gives a different 

maximum surface velocity for a given scan frequency.  Also, the blue series for d = 2 

m and 2*xm = 0.98 m does not include all of the scan frequencies because the 

mirrors were not capable of scanning faster than 60 Hz at that wide of an angle. 
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Figure 23: Periodic time domain noise components for three target-to-detector separations 

and three scan lengths. 
 
 
 

The plot in Fig. (23) shows that the curves for a given target-to-detector 

distance cluster together, independent of the scan length (or sweep angle), so the 

noise seems to be only a function of the surface velocity and the target-to-detector 

separation.  For any separation, the periodic component of noise increases rather 

sharply with increasing surface velocity, as was also observed in [20].  This reveals 

that one can obtain lower noise levels at a given maximum surface velocity simply 

by increasing the separation between the laser and the test article. 

7.3.2.2. Non-Periodic Speckle Noise – Frequency Domain 

The non-periodic speckle noise was calculated with Eq. (48) and is plotted in 

Fig. (24).  The plot contains data series for the three scan lengths at the target-to-

detector distance d = 2 m and the short scan length 2*xm = 0.3 m for the remaining 
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two target-to-detector distances.  Again, the noise level generally increases with 

increasing surface velocity.  For a fixed scan length (2*xm = 0.3 m in the plot), the 

noise level is higher for smaller target-to-detector distances, as was also the case for 

the periodic component of the noise.  For a fixed target-to-detector distance (data in 

blue), the noise increases significantly as the scan length increases, and this trend 

seems even more significant than the dependence on target-to-detector separation.  

This behavior is qualitatively very different than that which was observed for the 

periodic component of the speckle noise.  Also, the trends are not as strong of a 

function of surface velocity as the periodic noise.  The lowest velocity point in the 

curve for 2*xm = 0.3 m and d = 2 m appears to be an outlier, the cause for which is 

not known.  
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Figure 24: Non-Periodic frequency domain noise components. 
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7.3.2.3. Non-Periodic Frequency Domain - Lifted Frequency Domain 

Using the composite FRF from a collection of pseudo-FRFs, the non-periodic 

lifted noise was calculated with Eq. (48) and is shown in Fig. (25).  These are the 

same signals shown in Fig. (24), but this shows the noise level in the lifted signals 

whereas Fig. (24) showed the noise level in the original signal.  The effect of noise 

on the lifted signal is the primary consideration when using the method in [11, 12] to 

extract the modes, because any modes that fall below the noise floor are not 

observed.  Again, for a fixed scan length of 2*xm = 0.3 m, the noise level increases 

for smaller target to detector distances.  For a fixed target-to-detector distance, the 

noise amplitude increases for increasing scan length, and this effect is once again 

more significant than the dependence on target-to-detector separation.  

Furthermore, besides the outlier at 2*xm = 0.98 m and d = 2 m, the noise level does 

not change appreciably with surface velocity; quite a different behavior than that 

which was noted above for both the periodic and non-periodic noise before lifting.  

One can observe that the non-periodic noise for lifted responses appears to be an 

order of magnitude larger than for the non-periodic noise before lifting. 
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Figure 25: Non-Periodic lifted frequency domain noise component for three scan lengths at 

each of three target-to-detector separations. 
 

7.3.2.4. Discussion 

For a given set of experimental parameters, that is for any target-to-detector 

separation d, scan length 2*xm, and for a single surface, both the periodic and non-

periodic noise tend to increase with maximum surface velocity in the frequency 

domain as seen in Figs.(23) and (24).  This agrees with prior research by Martarelli 

and Ewins [20].  However, Fig. (25) suggests that the non-periodic noise in the lifted 

signals does not vary significantly as the maximum surface velocity is increased, 

suggesting that it matters little what surface velocity (scan frequency) one uses 

when the lifting method is used to extract the modes.  This contradiction has not yet 

been explained.  As previously mentioned, the lifted noise signals can be 

represented in the time domain as a column of points in plot formatted like the top 

panes of Figs. (18) and (20).  A perfectly periodic noise signal would have lifted 
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signals with points that overlay and therefore the height of one column in the density 

plot is a time domain measure of the non-periodic noise for that lifted response.  The 

results in Fig. (25) suggest that the variance revealed by the height of each column 

of points should not change with scan frequency, even though the overall pattern of 

the noise signal may change.  This should be explored further in subsequent works. 

It is important to note that one must remove sidebands from the scan 

frequency harmonics to properly compute the non-periodic portion of the noise.  The 

non-periodic noise was found to increase less dramatically with the maximum 

surface velocity than the periodic noise and seems to depend more heavily on the 

scan length than it does on target-to-detector separation.  This may be explained, in 

part, by the fact that increased scan lengths require increased sweep angles if the 

target-to-detector separation is held constant, causing the laser spot to come out of 

focus at the edges of the beam resulting in a speckle pattern such as that shown in 

Fig. (5).  When seeking to maximize the scan frequency, as is desirable for the lifting 

method, these results show that it is advantageous to keep line scans as short as 

possible and to position the LDV as far as possible from the test device.  More 

importantly, these results illustrate how much of an increase in noise to expect as 

these parameters are varied.  It seems that one can tolerate quite a high level of 

periodic speckle noise without contaminating the vibration information, which is 

carried at frequency lines other than the scan frequency and its harmonics. 
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7.3.3. Experimental Sampling Frequency Noise Results 

As discussed previously, the spatial resolution of a CSLDV measurement is 

limited only by the bandwidth of the LDV and the scan frequency, suggesting that 

one could obtain any desired level of resolution by increasing the sampling rate of 

the LDV.  The effect of the sample rate on the noise was investigated by observing 

the noise level at sampling frequencies of 12.8, 25.6, and 51.2 kHz for a fixed target-

to-detector distance of d = 2 m and scan length of 2*xm = 0.3 m.  The noise was 

recorded for all of the scanning frequencies in Table (7) for each sampling 

frequency.  Figure (26) shows the FFT of the noise signals for a 100 Hz scan 

frequency at the different sample rates.  Both the “pseudo-vibration” peaks occurring 

at the harmonics of the 100 Hz scanning frequency, and the noise at in between 

these peaks extend for the full sampling bandwidth without decreasing in amplitude. 

Figure (27) displays the noise signal in the time domain, where once again the 

periods are stacked placing the lifted signals in columns.  The mirror angle achieves 

a maximum value at about 1.2 ms, where the first minimum of the noise envelope 

resides.  The envelope on the noise amplitude is present for all three sampling rates 

but becomes more prominent as the sampling frequency is increased.  There are 

also a few periodic features in the noise profile that are visible at all three sample 

rates, such as the peak at 8.6 ms.  
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Figure 26: Frequency-domain noise spectrum for signals measured with CSLDV at 100 Hz 

scan frequency. 
 
 

 
Figure 27: Time-domain noise signals over 511 periods. 
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Once again the periodic and lifted non-periodic noise components were 

calculated for each test.  Figsure (28) and (29) provide the results of the noise 

calculations for the three sampling frequencies.  Figure (28) contains the periodic 

noise component calculated with Eq. (49), revealing that the periodic noise 

increases with the maximum surface velocity.  The noise level is always higher when 

sampled at higher frequencies.  The bottom plot, which provides the lifted non-

periodic noise, also shows the noise increasing with sampling frequency, but the 

lifted noise does not increase with surface velocity.  The noise level seems to 

decrease with increasing surface velocity when the signal is sampled at 51.2 kHz. 

 

0 20 40 60 80 100
0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018
Periodic Noise Component

Max Surface Velocity, m/s

A
ve

 N
oi

se
, m

m
/s

 

 
f
samp

=12.8kHz

f
samp

=25.6kHz

f
samp

=51.2kHz

 
Figure 28: Periodic speckle noise results for 12.8, 25.6, and 51.2 kHz sampling rates at scan 

length 2*xm = 0.3 m and target to-detector-distance d = 2 m.  
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Figure 29: Lifted non-periodic noise results for 12.8, 25.6, and 51.2 kHz sampling rates at scan 

length 2*xm = 0.3 m and target to-detector-distance d = 2 m.  
 
 
 

These results reveal that the laser speckle noise has seemingly infinite extent 

in the frequency domain.  As the sample rate increases, one seems to capture the 

speckle noise more fully, so the noise level seems to increase.  However, this noise 

affects the experiment differently depending on how the mode shapes are extracted.  

Figure (26) shows that the amplitude of the harmonic and off-harmonic noise is 

basically constant with frequency, so if the method of Stanbridge et al. [10, 38] is 

employed, then it would seem that increasing the bandwidth beyond some minimum 

value would simply add frequency lines with no meaningful information, because any 

vibration information carried at the added frequencies is masked by the noise.  

When the lifting approach is used, one can increase the spatial resolution by 

increasing the sampling rate,  For example, a 100 Hz continuous scanning signal 

sampled at 25.6 kHz will result in No = 256 pseudo-response points per scan cycle, 

while the same signal sampled at 51.2 kHz produces No = 512 pseudo-response 
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points.  However, Figure (28) and (29) show that the noise level increases by a 

factor of 1.4 or more as the sample rate doubles.  One must consider that doubling 

the sample rate doubles the point resolution, so two points are now available to 

estimate the mode shape at each of the points obtained when a lower sample rate 

was used. The redundant points could be averaged decreasing the variance by a 

factor of 1/21/2 = 0.707 or about 30%.  If doubling the sample rate increases the noise 

by a factor of 1.4, and noting that 1.4 = 1/0.707, then one can conclude that no 

additional information is gained by sampling more quickly and one would expect to 

obtain the best results if the sampling rate is the minimum that captures the 

important Fourier terms describing each mode (see Eq. (32)). 

8. Conclusion 

A new method of continuous scanning laser Doppler vibrometry has been 

proposed to measure the mode shapes of structures using impact excitation.  By 

scanning the laser periodically on a simple aluminum beam using scan frequencies 

of 21, 51, and 100 Hz, the data from four input sets can be resampled using the 

lifting method to produce 976, 402, and 205 pseudo-response points, respectively, 

from just 100 s of response data for each MIMO set.  Note that if discrete point LDV 

was to produce a comparable 205 response point, four-input set as that of the 

CSLDV measurements at 100 Hz, it would take nearly seven hours of testing. 

The lifting method takes a discrete linear time-periodic CSLDV signal and 

represents it as a set pseudo-LTI signals.  The proposed techniques are most 

effective when the CSLDV scan frequency is at least twice the maximum frequency 
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of interest, because the modal frequencies are aliased otherwise.  On the other 

hand, this work demonstrates that good results could be obtained for this particular 

system even when the scan frequency was 10 or even 20 times lower than the 

maximum frequency of interest.   

The method has several nice advantages over other proposed methods for 

processing.  The pseudo-responses can be transformed into the frequency domain 

and processed with standard modal analysis techniques and algorithms.  The CMIF 

and composite-FRFs were used for the multiple input sets in this study.  Any 

standard identification routine can be applied to the lifted frequency domain data to 

realize natural frequencies, mode shapes, and damping ratios.  AMI was used in this 

study to identify up to seven bending modes with a striking degree of accuracy at 

scanning frequencies of 21, 51, and 100 Hz, showing that a wide range of scan 

frequencies produce good results.  One should note that the beam system has 

relatively low natural frequencies, and many civil and aerospace structures exhibit 

even lower natural frequencies.  If alternate methods of processing such as that of 

Ewins, Stanbridge, and Martarelli [10, 27, 39] are used to identify the fundamental 

mode of the beam at 17 Hz assuming one must capture 20 harmonics to describe 

that mode’s shape, and assuming that 10 fall on either side of the peak, a scan 

frequency of 1.7 Hz or less must be used to employ their methods.  Such a low scan 

frequency might not even traverse the length of the beam before some of the high 

frequency modes had vanished, so multiple tests would probably be required at 

various scan frequencies to identify the first seven elastic modes using their 

techniques.  For systems with higher natural frequencies or closely spaced modes, 
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however, the methods of Ewins, Stanbridge, and Martarelli may be ideal because 

current mirror systems are not capable of scanning faster than 500 Hz and speckle 

noise may become severe at such high scan frequencies. 

An algorithm was suggested that can be used to mass normalize the mode 

shapes extracted from the CSLDV measurements.  The algorithm provided the 

factors to scale the modes, which then tended to differ somewhat from analytically 

computed modes shapes for an Euler-Bernoulli beam with nominal material 

properties and dimensions equivalent to the test beam.  Much of the discrepancy 

may be attributed to variation in the hammer blows or the noise associated with 

speckle. 

To better understand the speckle noise contributions, the noise signals were 

studied from measurements taken when the beam was stationary (not excited).  The 

speckle noise was observed to be approximately periodic but also contains 

important non-periodic components.  The periodic component of the noise 

represents the speckle patterns seen by the laser as it presumably scans the exact 

same path each cycle.  The magnitude of the periodic noise increases severely with 

surface velocity, in agreement with what was observed by Ewins and Martarelli, but 

can be decreased by increasing the target-to-detector distance.  The scan frequency 

should always be chosen so that the noise harmonics do not coincide with the 

vibration frequencies or their harmonics.  Then, the periodic noise will have little 

effect.  The non-periodic noise affects the extracted modal parameters more 

significantly and seems to be caused by other factors, perhaps by stray from a truly 

periodic speckle pattern due to small inconsistencies in the laser’s scan path.  This 
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noise was found to increase only modestly with surface velocity and more 

significantly with increased scan lengths, and decreased as the target-to-detector 

separation was increased.  However, when the CSLDV measurements are 

decomposed using the lifting method, the noise appears to be constant with scan 

frequency, advocating the use of the highest scan frequency possible.  It was also 

observed that increasing the sampling rate increased the noise level in the lifted 

signals, so one should use care to not sample faster than necessary to capture the 

meaningful vibration signal. 

The reasons for many of the trends observed here are not at all clear, and 

sometimes even seem counter-intuitive.  The decrease in noise with increased 

separation of the test device and the LDV may be due to reduced Doppler signal 

amplitude or possibly to a change in the character of the speckle motions (e.g., from 

boiling motions to translating speckles).  Increasing the scan length could serve to 

increase the number of speckle patterns observed in a given time interval, so it does 

seem reasonable that this would increase the speckle noise.  However, the periodic 

component of the speckle noise was found to be largely insensitive to the scan 

length.  The laser spot size and focal point was confirmed to have a significant effect 

on the size and nature of the speckle pattern observed at the detector, yet this did 

not affect the speckle noise noticeably in any of the tests performed here. 

Fortunately, the experimental parameters can often be chosen to reduce speckle 

noise to an acceptable level, so the method can be applied in many situations to 

extract spatially detailed mode shapes.  One should also bear in mind that the mode 

shapes shown in Figs. (13-15) show that good results were obtained for many of the 
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modes of the beam at a variety of scan frequencies.  Noise considerations seem to 

be most important for modes that are not well excited.  It is hoped that these results 

can be used to design experiments to successfully extract even the most weakly 

excited modes. 

Future work will seek to confirm the results of this methodology for other 

systems, particularly with different surface properties. The methodology will also be 

investigated for two-dimensional scan patterns and forced vibrations.  Specific 

applications of the method such as in damage detection or detection of nonlinearities 

will also be investigated.  Future work will also determine whether the lifting 

technique can be successfully applied to periodic biomechanical systems and 

whether those systems can be tested with CSLDV. 
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